21. (a) limw

h—0
1 1
_ llm a+h-1 a—1
h—0 h

~ lim (a-1)—(a+h-1)

h—0 h(a—1)(a+h-1)

= lm_;

h—=0 (a—D(a+h-1)
1

a1y

(b) The slope of the tangent is always
negative. The tangents are very steep near
x = 1 and nearly horizontal as a moves
away from the origin.

2. (@) lim 4P -S@

23.

h—0 h
B 29 92
~ lim [9-(a+h)"]1-(9—-a”)
h—0 h
o 9-a*—2ah—h*-9+a®
= lim
h—0 h
. 2ah-h?
= 111’1'1 _—
h—0 h
= lim (—2a-h)
h—0
=-2a

(b) The slope of the tangent steadily
decreases as a increases.

i LD = F ()
h—0 h
— lim 3A+h)-7-3-1-7)
h—0 h
—lim 3+3h-7-(4)
h—0 h
. 3h
=lim —
h—0 h
=lim 3
h—0
=3
The instantaneous rate of change is 3 ft/sec.

24.

25.

26.
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lim Sa+h)-f@)
h—0 h
i 33+h)?+23+h) —(3-32+2-3)

h—0 h

. 39+6h+h>)+6+2h—33
= lim
h—0 h
20h+3h>

h—0 h
= lim (20+3h)

h—0
=(20+3-0)
=20
The instantaneous rate of change is 20 ft/sec.

Q@th)+l 241
lim LD @O e 2en

h—0 h h—0 h
2(3+h)-3(2+h)
— lim 2(2+h)
h—0 h
—h
~ lim 2(2+h)
h—0 h
. -1
=lim —
h—02(2+h)
-1
2(2+0)
_ 1
4

. |
The instantaneous rate of change is 2 ft/sec.

i LD = F @)
h—0 h
3 1. 3 _

i @R’ -1-2° 1)
h—0 h

C 8+12h+6K +H —1-17
=lim

h—0 h

C 12h+6K2 + 1
= lim ———
h—0 h

= lim (12 + 6h +h>)
h—0

=1246-0+0°
=12
The instantaneous rate of change is 12 ft/sec.
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27. Letf(t)=100-4.9¢>.

28.

29.

lim fQ2+h)-f(2)

h—0 h

iy [100-4.92+ 7)?1-[100-4.9(2)°]
h—0 h

—im 100-19.6—19.6h —4.9h* —~100+19.6
h—0 h

=lim (-19.6—4.9h)
h—0

=-19.6

The object is falling at a speed of 19.6 m/sec.

Let f(r) = 3%
£A0+h) - £ (10)

lim
h—0 h
2 —

i 300+/)* =300

h—0 h

. 300+60h+3h% —300
=lim

h—0 h
= lim (60+3h)

h—0
=60

The rocket’s speed is 60 ft/sec.

Let f(r)= 7z’r2, the area of a circle of radius r.

i LG+ =1G)

h—0 h
. xB+h)? -3
= lim — 2~
h—0 h
. 97 +6xh+7h® —97
=lim
h—0 h
= lim (6x+xh)
h—0
=6rx

The area is changing at a rate of

o6r in2/in., that is, 67 square inches of area
per inch of radius.

30.

31.

32.

Let £(r) =%m3.

i @D~ (2)

h—0 h
gﬂ(2+h)3 —gn(z)f‘
=lim
h—0 h
353
A i G2
3 h>0 h
4 . 8+I12h+6K>+H° -8
=—rxlim
3 h>0 h

~4 rlim (12+6h+h?)
3 h>0

3

=16rx
The volume is changing at a rate of

167 in3/in., that is, 167 cubic inches of
volume per inch of radius.

s —s(l)

]
h—0 h
2 2

iy 1:86(141)* ~1.86()

h—0 h

. 1.86+3.72h+1.86h> —1.86

= lim

h—0 h
= lim (3.72+1.86h)

h—0
=3.72

The speed of the rock is 3.72 m/sec.

L SQ2+h) = s(2)

1
h—0 h
2 2
— lim 11442+ h)” —11.44(2)
h—0 h
— lim 4576 +45.76h+11.44h% —45.76
h—0 h
= lim (45.76 +11.44h)
h—0
=45.76

The speed of the rock is 45.76 m/sec.
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33.

34.

35.

First, find the slope of the tangent at x = a.
i L@+ = f(@)

h—0 h

- [a+h)? +4a+h)-1]-(a* +4a-1)
= lim

h—0 h

a?+2ah+h? +da+4h—1-a® —4a+1
= lim

h—0 h

. 2ah+h* +4h
= lim ——

h—0 h
=lim (2a+h+4)

h—0
=2a+4

The tangent at x = a is horizontal when
2a +4 =0, or a =-2. The tangent line is
horizontal at (-2, f(-2)) = (-2, -5).

First, find the slope of the tangent at x = a.
lim L@ th) = f(a)
h—0 h
_ _ 29 A A2
— lim [3—4(a+h)—(a+h)"]-(B-4a—a")
h—0 h
. 3-d4a—4h—a® —2ah—h* ~3+4a+a’
= lim

h—0 h
. —4h—2ah—h*

=lim ————

h—0 h
= lim (-4-2a-h)

h—0
=—4-2a
The tangent at x = a is horizontal when
—4 —2a =0, or a =—2. The tangent line is
horizontal at (-2, f(-2)) = (-2, 7).

(a) From Exercise 21, the slope of the curve

atx=a,is — . The tangent has

(a—1)*

slope —1 when — =—1, which

(a—1)>

gives(a—l)zz 1,so0a=0ora=2. Note

1
that y(0)=——=-1 and
YO =57

y(2) = ﬁ =1, so we need to find the

equations of lines of slope —1 passing
through (0, —1) and (2, 1), respectively.
Atx=0:y=-1(x-0)-1

y=—x-1
Atx=2:y=-1(x-2)+1
y=—x+3

36.

37.

38.

Section2.4 93

(b) The normal has slope _Ll =1 since the

tangent has slope —1, so we again need to
find lines through (0, —1) and (2, 1), this
time using slope 1.
Atx=0:y=1(x-0)—-1
y=x-1
Atx=2:y=1(x-2)+1
y=x-1
There is only one such line. It is normal to
the curve at two points and its equation
isy=x-1.

Consider a line that passes through (1, 12) and
a point (a, 9 —az) on the curve. Using the
result of Exercise 22, this line will be tangent
to the curve at a if its slope is —2a.
©9-a*)-12 _
a-1
9—a®—12=-2a(a-1)
—a®-3=-24>+2a
a*-2a-3=0
(a+1) (a-3)=0
a=—-lora=3
Ata=—1(or x =—1), the slope is —2(—1) =2.
y=2(x-1)+12
y=2x+10
At a =3(or x =3), the slope is —2(3) =—6.
y=—06(x—-1)+12
y=—6x+18

—2a

(a)

[-2, 10] by [0, 1000]

389-381 8
C8-4 4
389-313 76
S 8-5 3
389448 59

slope of PQ; = o7 "1 =-59

(b) slope of PO, =

slope of PQ, = =25.33

$(690.3—404.8) billion
(2009 —2003) years
_$285.5 billion

6 years

— $45.583 billion
year

(a)
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$(616.1—495.3) billion

(b)
(2008 —2005) years
— $40.267 billion
year
© $(690.3-616.1) billion _ 740 billion
(2009 —2008) years year

(d) One possible reason is that the war in
Afghanistan and increased spending to
prevent terrorist attacks in the U.S. caused
an unusual increase in defense spending.

39. True. The normal line is perpendicular to the
tangent line at the point.

40. False. There’s no tangent at x = 0 because f has
no slope at x = 0.

4. p, 20 8
-1-2 3
_ 2,4 12
p. g LSO _F#3--1 10
3-1 2 2
43. C;
]imM:hm 2 _2)1
h—0 h -0\ x+h x)h
. 2x—2x—2h(lj
= lim ———| —
=0 ¥ 4hx \h
__2
x2
2
y=——2:—2
M
y=m(x—x)+y
y=="2(x-1)+2
y=—-2x+4
1
44. A; From 39, my =——
m
.
279
—l(x—l)+2
Y 2
1.3
Y 2 2

A+ —f@) _ e —e

45.
(a) . ;

46.

47.

(b) [/
e

[—4,4]1by[—1,5]

ET 1]

-0l | 2.70u7

-BE-y | 27176

-1E-y | 27181

0 ERROR

iE-4 | 7184

EE-y | z.718

k! 2.7218
MiBCe™(1+X)—e" (..
Limit =~ 2.718

(¢) They’re about the same.

(d) Yes, it has a tangent whose slope is about
e.

fa+—f@) _2"" -2
h ok

(b) /

ey

(a)

[-4.4] by [— L 5]

(¢) They’re about the same.

(d) Yes, it has a tangent whose slope is about
In 4.

Let f(x)=x%. The graph of

JO+m—-fO) _ fh)
h h

[—4, 4] by [-3,3]
The left- and right-hand limits are —eo and oo,
respectively. Since they are not the same, the

curve does not have a vertical tangent at x = 0.
No.

is shown.
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48.

49.

50.

51.

52,

Let f (x) = x*°. The graph of
L= 1O _ f(By
h h

.

[—4, 4] by [-3, 3]
Yes, the curve has a vertical tangent at x = 0
because lim M =oo
h—0 h

is shown.

Let f(x) = x'3. The graph of
LD =1O) _ f(hy
h h

.

[—4,4] by [-3,3]
Yes, the curve has a vertical tangent at x = 0
because lim M =oo
h—0 h

is shown.

Let fix) = x*/3 . The graph of
= LOE=FO) _ f
h h

o

is shown.

Y

[=4.4]by [-3,3]
The left- and right-hand limits are —eo and oo,
respectively. Since they are not the same, the

curve does not have a vertical tangent at x = 0.
No.

This function has a tangent with slope zero at
the origin.

It is sandwiched between two functions,

y= x*and y= —x2, both of which have slope

zero at the origin.
Looking at the difference quotient,
~h< M < h, so the Sandwich

Theorem tells us the limit is 0.

This function does not have a tangent line at
the origin. As the function oscillates between
y =x and y = —x infinitely often near the

Section2.4 95

origin, there are an infinite number of
difference quotients (secant line slopes) with a
value of 1 and with a value of —1. Thus the
limit of the difference quotient doesn’t exist.
The difference quotient is

SO+m= 1O
h
between 1 and —1 infinitely often near zero.

= sin% which oscillates

53. Let fix) = sin x. The difference quotient is
fA+hm)—f(1) _sin(1+h)—sin(1)

h h
A graph and table for the difference quotient
are shown.

/ﬁ\\

[—4,4] by [~ 1.5, 1.5]
%

L L L

=00z Eyiiy

=001 | B2

o ERROR

KLk 53880

A0 £3845

Ok 5302

ViB(sin(l+X¥r—-=s1..

Since the limit as & — 0 is about 0.540, the
slope of y = sin x at x = 1 is about 0.540.

54. The average rate of change of f over the
interval [3, 3 + h] is

[+ -fB) _ fB+H-f(3)
(B+h)-3 h
difference quotient with a = 3.

which is the

55. (@) If x=a+ h,then h=x—a.Replacea + h
with x and A with x — a.

fla+h)—fla) _ f(¥)~f(a)

h x—a

(b) Depending on the situation, one form
might be more convenient to use than the
other.

Quick Quiz Sections 2.3 and 2.4

LD fR—fO) _3+1-y0+1 _2-1_1
) 3-0 3 3 3

2. E: f(4—h)z%(4)z3 where h — 0

fé=2
fA+h)=~—4+7=3
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96 Chapter 2 Review
3. B; lim —f(a+h)—f(a)
h—0 h
B 2 9.2
lim9 (x+h)"—09—-x)
h—0 h
g g2
lim 2 i (25— )= —2x
h—0 h h—0
y=9-x*=9-(2)
y=5
y=-22)=—4
y=—4x-2)+5
y=—4x+13

4. (@) Ff(3)=203)-(3)*=6-9=-3

() fGB+h)=23+h)—(3+h)?
=6+2h—(9+6h+h>)

= 3—4h—h?
fB+h)—f(3) -3-4h—h>-(-3)
(0 =
h h
=—4-h

(d) lim (—4—h)=—4
h—0

Chapter 2 Review Exercises (pp. 96-97)

1. lim (X =2x%+1)=(=2)° —2(-2)*> +1=-15

x—-2

2 )
S s S )t B

2352 _2x+5 3(=2)2-2(-2)+5 21

3. No limit, because the expression v1-2x is
undefined for values of x near 4.

4. No limit, because the expression \/4 9-x2 is

undefined for values of x near 5.

1 1
2+x 2=11 2_(2+x)

x—0 2x(2+ x)

5. lim
x—0 X

im—
x—02x(2+x)

] s
-0 2(2+x)
1
" 2(2+0)
1

4

6.

10.

11.

12.

13.

_2x%43 2%t 2
lim = lim —==
x4 5x2 47 xote5yt 5

An end behavior model for

P . x* 1
3 is T
12x° +128  12x° 12
Therefore
P

1
lim 5 = Iim —x=o0
x50 [2x° +128  x—e12

. x4 + x3
11111 3— =
x> [2x7 +128 x> 12

. sin2x 1. sin2x 1 1

lim =—lim =—1)=—

x—0 4x 2 x>0 2x 2 2
Multiply the numerator and denominator by

sin x.

. xcscx+1 .
lim = lim
x—0 Xxcscx x—0 X

. sin x
- fim (1 . _)

x—0 X

:(lim 1j+[lim ﬂj
x—0 x—=0 X

x+sinx

=1+1

=2
lim ¢*sinx=e"sin0=1-0=0
x—0

Let x=%+h, where & is in (0, %) Then

int(2x—1)= in{2[%)+ 2h —1} = int (6+2h) =6,

because 6 + 24 is in (6, 7). Therefore,

lim int(2x—1)= lim 6=6.
x—7/2F x—7/2%

Let x:%+h, where 4 is in (—%, Oj. Then

int(2x—1)= in{z[%}uzh —1} =int (6+2h) =5,

because 6 + 2k is in (5, 6). Therefore,
Iim int2x—-1)= lim 5=5
x—7/2~ x—7/2~

Since lim (= ¥)= lim ¢ * =0, and
X—>oo X—>oo
—e "< e ¥ cos x < e for all x, the Sandwich

Theorem gives lim ¢ * cosx =0.
X—>00
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14.

15.
16.
17.
18.
19.
20.
21.
22,
23.
24,

25.

26.

Since the expression x is an end behavior

model for both

x+sinx X

—— = lim —
X—oo X

=1.

x+sinx and x+cos x, lim
X—>o00 X+ COSX

Limit exists.
Limit exists.
Limit exists.
Limit does not exist.
Limit exists.
Limit exists.

Yes

Yes

(@ Ilim g(x)=1

x—3"
(b) g3)=15

(¢) No, since lim g(x) # g(3).

x—3"

(d) g is discontinuous at x = 3 (and at points
not in the domain).

(e) Yes, the discontinuity at x = 3 can be
removed by assigning the value 1 to g(3).

(@) lim k(x)=15

x—1-

(b) lim k(x)=0

x—l1t
©) k(1)=0

(d) No, since lim k(x) # k(1).

x—1"

(e) kis discontinuous at x = 1 (and at points
not in the domain).

(f) No, the discontinuity at x = 1 is not
removable because the one-sided limits
are different.

217.

28.

29.

Chapter 2 Review 97

(a) Vertical asymptote: x = -2

.. . +
(b) Left-hand limit = lim “-> = —eo
x—=2" X+2
Right-hand limit: Tim 27> = eo
x—=2t x+2
y
5 -
1 j D 1 5| x

(a) Vertical asymptotes: x =0, x = -2

(b) Atx=0:
.. . x—1
Left-hand limit = lim - =
x=0" x7(x+2)
Right-hand limit = lim ;;1 = oo
x—0" x“(x+2)
Atx=-2:
.. . x—1
Left-hand limit = lim — =
-2 x7(x+2)
Right-hand limit = lim — " = o

x—2* x2(x+ 2) -

(a) Atx=—1:
Left-hand limit

lim f(x)
x—-1"
= lim (1)
x—-1"
=1
Right-hand limit= lim £ (x)
x——1"
= lim (—x)
x——1"

=1
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(b)

(0

30. (a)

(b)

(0
(d)

Atx=0:
Left-hand limit = lim f(x)
x—0"
= lim (—x)
x—0"
=0
Right-hand limit= lim f(x)
x—0"
= lim (-x)
x—0"
=0
Atx=1:
Left-hand limit= lim f(x)
x—1
= lim (—x)
x—1
=-1
Right-hand limit= lim f(x)
x—lt
= lim (1)
x—lt

=1

At x=-1: Yes, the limit is 1.

At x =0: Yes, the limit is 0.

At x = 1: No, the limit doesn’t exist
because the two one-sided limits are
different.

At x = —1: Continuous because f(—1) = the
limit.

At x = 0: Discontinuous because

S0) # the limit.

At x = 1: Discontinuous because the limit
does not exist.

Left-hand limit = lim f(x)
x—1
= lim ‘x3 —4x‘
x>~
7 -40)|
=[-3]
=3
Right-hand limit= lim f(x)
x—l1t
= lim (x> —2x-2)
x—-l1t
M2 -2(1)-2
=3

No, because the two one-sided limits are
different.

Every place except for x = 1

Atx=1

31.

32.

33.

34.

35.

36.

37.

38.

Since f (x) is a quotient of polynomials, it is
continuous and its points of discontinuity are
the points where it is undefined, namely x = -2
and x = 2.

There are no points of discontinuity, since g(x)
is continuous and defined for all real numbers.

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

End behavior model: 2—;, or E

X X
Horizontal asymptote: y = 0 (the x-axis)
2

End behavior model: 2%, or?2
X

Horizontal asymptote: y = 2

3

End behavior model: S ,0r X
X

2

Since the end behavior model is quadratic,
there are no horizontal asymptotes.

4
. X

End behavior model: —,0rx
X

Since the end behavior model represents a
nonhorizontal line, there are no horizontal
asymptotes.

X
. . Xx+e . X
Since lim =lim|—+1|=1a
X—>oo ex X—>oo ex

right end behavior model is e”.

X+ €x €x
Since lim = lim |[1+— |=1,a
X—— X X—>—o0 X

left end behavior model is x.

(a, b) Note that

lim —L = lim L =0 and
Xx—>teo 1n|x| Xx—>too 1n|x|
1 sin x 1
- < <
1n|x| 1n|x| 1n|x|
Therefore, the Sandwich Theorem gives

. sinx
lim ——=0. Hence
x—>teo IN |x|

whenever |x| >1.
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. 1n|x|+sinx . sin x
lim —————= lim | I+ ——
xotee  Inlx] xoxeo|  Inla]
=1+0
= 1’
so In |x| is both a right end behavior

model and a left end behavior model.

2 —
39. lim f(x) = lim *F 213
x—3 x—3 x-=3
— lim (x=3)(x+5)
x—3 x-=3
= lim(x+5)
x—3
=3+5
=8
Assign the value k = 8.

40. lim f(x)= lim S0F = Ly, sinx
x—0 x—0 2x 2x50 x

Assign the value k = % .

41. One possible answer:
y

10

y=fx)

| I S ) N S N | X

10

42. One possible answer:

1 1
:—1 = —
2() 2

44.

45.

46.

47.

Chapter 2 Review 99

lim V(a+h)-V(a)

h—0 h
%n(a+h)2H—%7za2H
= lim
h—0 h
2 2 2
=17rHlima +2ah+h” —a
h—0 h
=Ll tim (2a+h)
3 h—0
1
=—mHQa
3 (2a)
ZgﬂaH
3
lim S(a+h)—S(a)
h—0 h
2 .2
— lim 6(a+h)” —6a
h—0 h
. 6a® +12ah+6h* —6a®
= lim
h—0 h
=lim (12a+6h)
h—0
=12a
1m1ﬂa+m—yw)
h—0 h
2 a2
— lim [(a+h) —(a+h)-2]-(a”" —a-2)
h—0 h
. a*+2ah+h* —a-h-2-a*+a+2
= lim
h—0 h
. 2ah+h’—h
:hm—
h—0 h
= lim 2a+h—-1)
h—0
=2a-1
@) lim faA+h- 1O
h—0 h
2_ —_ —
~ lim [A+h)" =30+h)]—-(-2)
h—0 h
 14+2h+h%-3-3h+2
= lim
h—0 h
= lim (=1+ /)
h—0
=-1

(b) The tangent at P has slope —1 and passes
through (1, -2).
y=—l(x-1)-2
y=-x-1
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48.

49.

50.

Chapter 2 Review

(¢) The normal at P has slope 1 and passes
through (1, -2).
y=1(x-1)-2
y=x-3

At x = a, the slope of the curve is

i £ @+ = f (@)

h—0 h
2 2
~ lim [(a+h)” =3(a+h)]-(a” —3a)
h—0 h
. a*+2ah+h*-3a-3h—da> +3a
= lim
h—0 h
. 2ah-3h+h*
=lim———
h—0 h
=1lim (2a—-3+h)
h—0
=2a-3

The tangent is horizontal when 2a —3 =0, at

a:E orx:é . Since f 3 :—2, the
2 2 2 4

point where this occurs is E, 22 .
2 4
200 200
@@ pO)= =25

1477010 " 8

Perhaps this is the number of bears placed
in the reserve when it was established.

. . 200 200
(b) lim p(*)= lim P 200

t—00 =]+ 7e

(c) Perhaps this is the maximum number of

bears which the reserve can support due to

limitations of food, space, or other
resources. Or, perhaps the number is

capped at 200 and excess bears are moved

to other locations.

_ Tat(— <
@ f(0= 3.20—1.35int( x+1),0<_x_20
0, x=0

(Note that we cannot use the formula
fix) =3.20 + 1.35 int x, because it gives
incorrect results when x is an integer.)

(b) —

[0, 20] by [-5, 32]
fis discontinuous at integer values of x: 0,
1,2,...,19.

51. (a)

(b)

(V]

(d)

(e)

(-2, 15] by (15,000, 20,000]

PO, = 18,538 16,341 _ 2197 —313.857
9-2

PO, = 18,538-17,314 _ 1224 — o448
9-4

PQ; = 18,538 -18,328 =E= 710
9-8 1

The slopes in part (b) can be interpreted as

the average rates of change. The average
rate of change in the population from Q,

to P, or from 2002 to 2009, is

313.857 thousand people per year.

The average rate of change in the
population from Q, to P, or from 2004 to

2009, is 244.8 thousand people per year.
The average rate of change in the
population from Q5 to P, or from 2008 to

2009, is 210 thousand people per year.

Answers will vary. We could argue that
the average rate of change in the
population from 2008 to 2009,

210 thousand people per year, is a good
estimate for the instantaneous rate of
change on July 1, 2009, since the data
were collected on July 1 each year.

Answers will vary. A linear regression
equation for the data is y = 296x + 16,000,
where x = 0 represents 2000. Using this
model, the population of Florida in 2020
will be

16,000 + 296(20) = 21,920 thousand
people.

52. Let A=1lim f(x) and B = lim g(x). Then

X—C X—C

A+ B=2and A - B=1. Adding, we have

2A=3,50 A =%, whence %+B =2, which

gives B = % Therefore, lim f(x) :% and

X—C
lim g(x) = l
x—c¢ & 2’
53. (a) x>-9#0

All x not equal to -3 or 3.
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54.

(b) x=-3,x=3

(¢) lim = 0

X—ee ‘xz —9‘

y=0
(d) The function is odd: f(—x)=—f(x)

(e) fis discontinuous at —3 and 3. These are
nonremovable discontinuities.

(@) lim f(x)= lim (x*>-a’x)
x—2" x—2"

=(2*-a*(2)
=4-24°

(b) lim f(x)= lim+(4—2x2)

x—2 x—2
=4-2(2)%
=4-8
=4
(¢) For x # 2, fis continuous. For x =2, we
have
lim f(x)= lim f(x)=f(2)=-4as
x—2" x—2"

long as a ==+2.

Chapter 2 Review 101

55. (a) By inspection, x° —2x> +1=0whenx = 1.
Use synthetic division to write
x> =2x% +1=(x—1)(x> — x—1); then use
the quadratic formula to find the zeros

+
of x> —x—1 to be 1£5
1+/5 1-5
1, 5 and .

2

. The zeros of f

are

(b) A right end-behavior model for fis

y=S=x
)C2

3 2

. . -2 1

(¢) lim f(x)= lim x2—x+=+m and

X—>oo X—oo X +3
3 2

fim £ _ iy 2220 H

a0 g(X) x> 343y
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